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The geometrical parameters of injection devices are shown to have 
almost no effect on the resulting two-phase flow, while they influence the 
pressure drop owing to its formation. The predominant hydrodynamic 
parameter is the ratio of the mean superficial velocities. A simplified anal- 
ysis leads to good agreement with experimental results. The different 
causes of pressure drops are quantified. 
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SCOPE 

A two-component, two-phase flow is obtained with 
a device in which the two phases are mixed. A particular 
kind of injection device has been studied. The air is 
introduced from air chambers through the wall of the 
mixing section into the flowing water. The mixing sec- 
tion is either constant or increasing downstream (referred 
to below as types I and II). 

From a practical standpoint, it is useful to know how 
such a device works to evaluate the effect of the design, 

that is, of the geometrical parameters on the resulting 
flow just downstream, to determine the predominant 
hy&.odynamic parameters, and to quantify the different 

Furthermore, since a separated flow model must be 
used to describe the formation of the mixture, expressions 
for interaction terms between phases can be tested by 
comparison with experimental data. 

of pressure drops. 

CONCLUSIONS AND SIGNIFICANCE 

Data show that the two types of injection devices work 
quite differently. With type I, air passes from the air 
chambers into the flowing water mainly at the down- 
stream end of the injection device; with type 11, this 
occurs along the entire length of the device. In both 
cases, within the so-called mixing zone, downstream from 
the injection device, bubbles migrate towards the central 
part of the channel, and the flow quickly reaches a quasi 
stable state. 

The predominant hydrodynamic parameter is the ratio 
of mean superficial velocities. 

Geometrical parameters do not seem to have a sig- 
nificant influence on the resulting flow. However, when 
type I1 is used, the flow appears to be very sensitive to 

the geometrical defects of the assembly. The pressure 
drop due to the formation of the flow depends on the 
type of injection device, and for type I1 it depends on 
the geometrical parameters of the grids. 

Interaction terms between phases were phenomenolog- 
ically deduced. A model was then derived and compared 
with experimental data. Agreement was good. Three 
causes of pressure losses were quantified: friction loss 
within the injection device, acceleration, and friction pres- 
sure drop within the mixing zone. 

Finally, the choice of type I or I1 depends on what is 
needed. In order to obtain a well-defined flow, type I 
must be selected. If pressure drop must be minimized, 
type 11 is preferable. 

Many difTerent types of injection devices were studied, 
but, as they have been completely reviewed (Adler, 1975), 
only the main ones are described below. 

1. Air is introduced from an air chamber into the liquid 
flow through several holes at the tube wall (Oya, 1971) 
or through staggered porous tubes spanning the cross 
section (Muir, 1963). 

2. Liquid-gas ejectors, in which the liquid serves as the 
driving medium entraining the gas, were used by Witte 
(1965) and Deich (1971). 

3. Air is introduced through the porous wall of the 
mixing section into the flowing water (Delhaye, 1970; 
Smith et al., 1968; Wallis, 1961); the mixing section is 
either constant or increases downstream. 

This third type of injection device was selected for this 
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study, as it can be easily described by few geometrical 
parameters. Sekoguchi et al. (1968) and Yip et al. (1970) 
partially studied the influence of these parameters for type 
1, but no systematic study has been made, to om knowl- 
edge, for type 3. 

Another kind of study should also be recalled (Hewitt 
and Hall-Taylor, 1970; Hutchinson et al., 1973; Whalley 
et al., 1974); these authors studied the influence of up- 
stream boundary conditions, when the liquid phase was 
introduced into an air stream either through a porous wall 
or by a central nozzle. Experimental and theoretical anal- 
yses led to the conclusion that the initial liquid distribution 
has a significant influence on the flow except far down- 
stream. 

In this paper, injection devices of type 3 with a constant 
or an increasing cross section (referred to be!ow as types 
I and I1 )are investigated for horizontal air-water flow. 
Following a brief description of the experimental facility 
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TABLE 1. EXPEEUMENTAL PARAMETERS 

Y 4 LE 
L 

Fig. 1. Schematic diagram of apparatus: (1) water inlet, (2) con- 
vergent, (3) oir inlet, (4) injection device, (5) chunnel of rectangular 

cross section (24 X 120 mm2), (6) outlet. 

a. constant section b. increasing section 

Fig. 2. Schematic diagrom of injection devices: (1) water inlet, (2) 
air inlet, (3) air chamber, (4) perforated plate, (5) diffusor. 

and of measurements, the data  are presented and dis- 
cussed and the  predominant parameters determined. A 
phenomenological form is proposed for the interaction 
terms between phases. Applied to the mixing zone, the 
subsequent analysis leads to good agreement with experi- 
mental results obtained with type I; the comparison is 
less favorable with type 11. 

EXPERIMENTAL APPARATUS AND MEASUREMENTS 

The apparatus, schematically drawn in Figure 1, is composed 
of a converging channel, the injection device, and a channel of 
rectangular cross section 24 x 120 mm2. 

The injection devices (Figure 2 )  are made up of two rec- 
tangular perforated plates ( 120 mm x L E )  through which air 
at equal flow rates is introduced into the water; circular holes 
of diameter d are arranged in a hexagonal pattern in these 
plates (which can be replaced by porous plates). Two inter- 
mediate perforated plates are provided to diffuse the air. 

The injection devices of type I have a rectangular cross sec- 
tion 24 x 120 mm2. The upstream and downstream sections 
of the injection devices of type I1 are always 12 x 120 and 
24 x 120 mm2, respectively. 

A rectangular cross section was chosen to provide transla- 
tional symmetry along the z axis, which respects the symmetry 
induced by gravity. Hence, with this geometry, it may be ex- 

ected that the flow in the central part of the channel does not 
gepend on z. Thus local void fraction measurements in the ver- 
tical symmetry plane of the apparatus will be well representa- 
tive of the flow. 

The followin set of parameters ( Adler, 1975), deduced from 
a similarity ana 7 ysis (assuming no transfer between phases, iso- 
thermal flow, constant physical properties), is expressed as 

water inlet conditions 
geometric parameters: 

LE d Si DE L 

W S z  1-0.5 
d,mm Porous-0.8-3 
LE, mm 100-200 
I 

UG, m/s 4.26-5.11-5.96 
UL, m/s 2.12-2.89-3.66 
* 

hydrodynamic parameters : 
- - 

U BG PC 

11L UL d F H ’  P L p L 2 D H  PL PL 

- -  P L ~ L D H  UG UL 
, , 9  

-- ’ - ’  

For each type of injection device, six geometric arrangements 
were studied. For each arrangement, nine flow conditions were 
tested as summarized in Table I. 

Air and water flow rates are measured, respectively, with two 
sonic throats and a turbine flowmeter; mass flow rates are con- 
stant. 

,Pressure taps are horizontal to avoid errors induced by grav- 
ity. Pressures are measured with strain gauges. Each data point 
is the mean of five measurements. 

The local void fraction is measured with a variable imped- 
ance probe (Lecroart and Porte, 1971). Briefly, the probe con- 
sists of a cylindrical metal tube housing a thin tungsten wire 
(diameter and length about 10 and 30 fim, respectively), in- 
sulated except at the tips. The impedance variations between 
the wire and the tube are converted into electrical signals. 

RESULTS AND DISCUSSION 

The formation of the two-phase flow is briefly described, 
using pressure and local void fraction measurements. Pre- 
dominant hydrodynamic and geometric parameters are de- 
termined. 

Description of the  formation of the air-water flow 

Injection devices with constant section. From the over- 
all rough pressure measurements given in Figure 3, it  may 
be concluded that four regions are distinguishable. 

A constant pressure region occupies the major portion 

- 
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Fig. 3. Relative pressure as a function of the horizontal coordinate x 
for type I (+; d = 0.8 mm) and type II ( X ;  d = 3 mm). Com- 
mon conditions: LE = 200 mm, U L  = 2.89 m/s, UG = 5.96 m/s). 
(1 )  extent of the injection device, (2) mixing zone, (3) injection 

zone for type I, (4) outlet. 

- - 
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of the injection device. This is due to the two air chambers, 
as pressure drop through the grids is very small. More- 
over, the void fraction is very small in this region (Figure 
4a; x = 6.2 cm); thus only a small air flow rate is intro- 
duced into the flowing water. In fact, the greatest fraction 
of the air flow rate (maintained constant by the sonic 
throats) is introduced through the downstream part of 
the grids in the so-called injection zone. In the channel, 
the air introduced is confined near the wall, owing to the 
fact that inertial air forces are weak. 

At the end of the injection device, this very unstable 
pattern is quickly destroyed, and the two phases begin 
to mix within the channel. This is the mixing zone. The 
air migrates towards the central part of the channel, while 
the void fraction increases sharply (Figure 4a; x = 12.3 
cm, 18.4 cm). The water is thus accelerated, and pres- 
sure decreases. Since vertical void fraction profiles are 
symmetrical, it is concluded that gravity effects are negli- 
gible in the mixing zone; it is shown below thab inertial 
forces are predominant. 

Downstream from the mixing zone, that is, at about x = 
55 cm, flow reaches a quasistable state symbolized by the 
n form of void fraction profiles (Figure 5a) .  

Injection devices with increasing section. Three flow 
zones were distinguished in the test section as revealed 
by overall pressure measurements (Figure 3) .  

The downstream part of injection device is roughly 
maintained at constant pressure, for the same reason as 
above. Thus, the water is not accelerated, and the air con- 
fined near the grids (Figure 4b; x = 6.3 cm) approxi- 
mately fills the void owing to the enlargement of the cross 
section. Hence, in accordance with the value of the ratio 
S1/S2, the mean void fraction is about 0.5 at x = LE. 

Further on, in the so-called mixing zone downstream 
from the injection device, air migrates towards the central 
part of the channel (Figure 4b; x = 12.3 cm, 18.5 cm). 
The flow finally reaches a quasistable state symbolized by 
the n form of void fraction profiles (Figure 5 b ) .  It should 
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I 

a.cons tant section b.i ncreasing section 

Fig. 4. Void fraction vs. vertical coordinate y for different values of 
the horizontal coordinate x within the iniection device (x = 6.2 cm, 
f )  and the mixing zone ( x  = 12.3 cm, x; x = 18.4 cm, 0). 
Conditions: u~ = 2.12 m/s, = 4.26 m/s, LE = 10 cm, d = 

3 mm. ( I ) :  upper and lower grids for x = 6.2 cm. 
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Fig. 5. Influence of geometric parameters on vertical void fraction 
profiles downstream from the mixing zone ( x  = 55 cm). Porous, 
LE = 10 cm, +; porous, LE = 20 cm, X; d z 0.3 cm, LE = 

20 cm, 0. Flow conditions: & = 2.89 m/s, Gic = 6.48 m/s. 

be noted that gravity forces are important within the test 
section since vertical void fraction profiles are asymmetri- 
cal (Figures 4b and 5 b ) .  

Comparison between the two types of injection device. 

a 
1 -  

1 

0.5- 

0 
I 

0 1  ’ z(cm) 5 
Fig. 6. Local void fraction as a function of the horizontal transversal 
coordinate I downstream from the mixing zone ( x  = 55 cm). Data 

are for type I(+), type ll(x). 
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1 2 3 
Fig. 7. Mean void fraction as a function of the rat io of mean super- 
ficial velocities downstream from the mixing zone (x = 55 cm). 
Data(+) are for: type I, porous grids, LE = 20 cm. Solid line i s  

prediction of Hughmark's formula. 

Some significant differences between types I and I1 should 
be pointed out. 

To start with, they work quite differently. With type I, 
air is mainly introduced into the flowing water at the 
downstream end of the injection device, and the void frac- 
tion is very low at x = LE. With type 11, it is introduced 
through the entire length of the grids, and the mean void 
fraction is about 0.5 at x = LE. Hence, the acceleration 
pressure drop within the mixing zone, where the void frac- 
tion varies toward its equilibrium value, is much higher 
when type I is used; this is clearly seen on Figure 3. 

Finally, when the flow reaches its quasiequilibrium state, 
it does not depend on z in the central part of the channel 
when type I is used (Figure 6 ) ,  whereas it does with type 
11. Since the translational symmetry along the z axis re- 
spects gravity, this asymmetrical character of horizontal 
void fraction profiles can only be due to the sensitivity of 
the flow to geometric defects of the system. Consequcntly, 

/" 

, 
(3) / 

U I  
I 

1 2 3 
Fig. 9. Nondimensional pressure drop for type I I  within the mixing 
zone as a function of the ratio of the mean superficial velocities. 
Data (x = 21 cm, +; x = 25 cm, X; x = 35 cm, 0) are for: 
porous grids, LE = 20 cm. Solid lines: (1) regression line a t  x = 
21 cm, (2) and (3) are deduced from the model a t  x = 25 cm and 
x = 35 cm. Broken line (4): regression line a t  x = 21 cm for d 

= 3 mm. 

0 1 2 
Fig. 8. Nondimensional pressure drop for type I within the mixing 
zone as a function of the ratio of the mean superficial velocities. 
Data (x = 21 cm, +; x = 25 cm, x; x = 35 cm, 0) are for 
porous grids, LE = 20 cm. Vertical bars represent the pressure 
drop range when the diameter d is varied. Solid lines: (1) regression 
line given by Equation (91, (2) and (3) are deduced from the model. 

vertical void fraction profiles can only be used quantita- 
tively when they are obtained with type I. 
In f luence o f  Hydrodynamic Parameters 

The influence of hydrodynamic parameters is examined 
on mean void fraction of the resulting flow and on pres- 
sure drops due to the formation of the two-phase flow. 

For horizontal slug or bubble flow, when it is fully estab- 
lished (Hughmark, 1962, 1965), the slip ratio r is given 

by - 
U G  r = 1.2 + 0.2 . - 
U L  

(1) 

Thus, mean void fraction only depends on the ratio 
U C / ~ L ,  as clearly confirmed by the data relative to type I, 
when flow reaches the quasistable state at about x = 55 
cm (Figure 7) .  Moreover, Equation (1) agrees well with 
the data, though the flow is not yet fully established. 

It should be emphasized that the flow is bubbly through- 
out the mixing zone and at x = 55 cm, though the overall 
flow conditions correspond to a slug pattern (Mandhane 
et aI., 1974). This is due to the fact that the flow is not 
yet fully established. 

As previously mentioned, a comparison of (1) with data 
obtained with type I1 is not made, since void fraction de- 
pends on z .  

Pressure drops between x = 0 and the mixing zone are 
nondimensionalized by p ~ v ~ 2  and represented as functions 
of the ratio T G / ~ L .  

For type I, it is clearly shown that U G / U L  is the pre- 
dominant hydrodynamic parameter (Figure 8) .  This is 
consistent with a rough application of the two-phase mo- 
mentum equation, When the void fraction varies from 0 
to an equilibrium value given by gG/ ( UL + rgL) ,  the 
acceleration pressure drop is expressed as 

- 

- -  

Hence it depends only on DdUI,. 
SimiIar data obtained with type 11 are not so we11 cor- 

related (Figure 9 ) .  This seems to derive from the fact that 
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the acceleration drop is not so predominant, since the void 
fraction only varies from 0.5 to the equilibrium value. A 
supplementary parameter could surely be introduced to 
describe the data, but this was not attempted owing to the 
limited amount of data. 

Influence of geometric parameters 

In order to simplify the discussion, each type of injec- 
tion device is studied separately with variations in the 
geometric parameters L E / D H  and d/DH. The two types 
of injection devices are compared, that is, the ratio SI/S2 
is altered. Only some results are given here; complete 
data can be found in Adler (1975). 

Injection deuice with constant section. Since flow does 
not depend on z in the central part of the channel, vertical 
void fraction profiles can be meaningfully compared in 
order to indicate the influence of geometric parameters 
on the resulting flow. At x = 55 cm, this influence, if any, 
is seen to be very weak (Figure 5 a ) .  Thus the flow field 
is already independent of the geometric parameters very 
near the end of the injection device. 

Moreover, geometric parameters have only a slight in- 
fluence on pressure drop within the mixing zone (indicated 
by bars in Figure 8). 

Injection device with increasing section. Vertical void 
fraction profiles at x = 55 cm do not differ significantly 
(Figure 5 b ) ,  but no final conclusion can be drawn about 
the influence of geometric parameters, Pressure drops 
within the mixing zone are more clearly influenced by 
these parameters, as illustrated by an example in Figure 9. 

Influenck of the type of injection deuice. No decisive 
conclusion can be drawn from the comparison of Figures 
5a and b. However, it can be stated that the resulting flow 
is much better defined when type I is used, since the flow 
does not depend on z. 

As noted previously, it is clear that the pressure drop 
due to the formation of two-phase flow is smaller when 
type I1 is used (Figures 8 and 9) .  This pressure drop will 
be quantified after the analysis of the mixing zone. 

ANALYSIS OF THE MIXING ZONE 

One of the main unsolved problems in two-phase flow 
analysis is the expression of the interaction terms between 
phases. General but untractable forms for these terms have 
been known for a long time (Vernier and Delhaye, 1968), 
and some expressions are available (Zuber, 1964; Yaron 
and Galor, 1973). Furthermore, they must include a dif- 
ferential part (Bourk, 1973; RCocreux, 1974), as explained 
below. 

A separated flow model is proposed. The main assump- 
tions are given and discussed below, while detailed equa- 
tions are to be found in the appendix. Local equations are 
spatially averaged. The analysis, restricted to one-dimen- 
sional flow, is thus approximate in character. The resulting 
system is derived and numerically integrated when bound- 
ary conditions are given, Experimental and calculated pres- 
sure drops are compared. 

It should be noticed that the model was primarily de- 
rived for comparison with the data obtained with type I. 
Interaction terms 

Two forces are usually considered to be applied on a 
single sphere in an infinite liquid medium: drag propor- 
tional to 

p L  * (uc - U L ) 2  .7rr2 (3)  

and virtual mass force given by 

Instead of considering a spherical bubble moving in a 
liquid sphere (Zuber, 1964; Yaron and Galor, 1973), the 
bubble is assumed to move in a mixture of approximate 
density p~ (1 - a). Hence, the virtual mass force is modi- 
fied as 

which is a differential interaction term. 
The drag is now assumed to be proportional to 

- p ~ *  ( 1 - a )  * ~ ( u G , ~ L )  * &  (6) 
where f ( VG, U L )  will be given later. 

Derivation of the system 

to derive the local equation system: 
A first set of assumptions must be expressed in order 

Steady state flow, 
Gravity, viscous, and inertial forces of the gas phase, 
interfacial tension, mass transfer between phases are 
neglected. 
Constant physical properties. 

The gas density is considered as a constant, since pres- 
sure drop in the mixing zone is small. 

The system of local equations is detailed in the appendix 
as I. Interaction terms appear in the gas momentum equa- 

tion. The symbol r must not be confused with the real 
radius of the bubbles. I t  is a characteristic length of the 
two-phase flow, proportional to some mean radius of bub- 
bles, but the proportionality coefficient is unknown. 

This system is then averaged over the cross section of 
the channel (system I1 in the appendix). A second set of 
assumptions must be made to get a tractable system: 

Temporal and spatial correlation coefficients are all 
equated to 1. 
Transverse velocities are neglected. 
If r is the slip ratio given by (l), then 

A 

I 
l -  

* <<aLF(uG, uL)>> (7) 

The friction pressure drop is expressed as twice the 
classical pressure drop in fully established flow: 

The mean value of the interaction term f ( v G ,  uL) is so 
expressed by ( 7 ) ,  that the equation has the same general 
features as (3 ) ,  and that it vanishes when the flow is fully 
established. 

Moreover, this is closely associated with the two-dimen- 
sional character of the flow, which was neglected every- 
where else in the spatially averaged equations. 

The assumption about friction losses is rather crude, but 
this is not the predominant term in the equitions for injec- 
tion devices of type I. The two last assumptions are con- 
tradictory, since the friction lose5 at equilibrium would 
be equal to twice the real value, This point does not really 
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matter, for the analysis is restricted to the mixing zone. 
Introduction of nondimensi,onal quantities and elimina- 

tion of ;lG and & lead to the system referred as I11 in 
the appendix. The predominant parameter in I11 is the 
ratio Uc/i7L. 

Boundary conditions 

at x = 21 cm (Figure 8)  are fitted by the regression line 
Injection devices with constant section. Pressure results 

- 
(9) 

U C  p , ( O )  - p.(21 cm) = a * : + b 
U L  

where a and b are equal to 0.14 and 0.6, respectively. 
The friction pressure drop within the injection device 

cannot be closely dependent on the ratio U G / U L ,  since the 
void fraction is very small in the injection device. Hence 
this friction pressure drop will be assumed to be equal to 
b. Furthermore, the acceleration pressure drop between 
x = 0 and x = 21 cm is assumed to be equal to a * V G / ~ L .  
Thus 

- -  

- 
(10) 

<<a>> ( x  = 21 cm) 

1 - <<a>> (x = 21 cm) 

U G  
= a  - ,_ 

UL 
Hence <<a>> (x. = 21 cm) is readily deduced from 

( lo),  while initial conditions for pressure are given by (9). 
Injection devices with increasing section. As previously 

seen from the data, the mean void fraction is approxi- 
mately equal to 0.5 at x = LE. 

When the ratio U G / U L  is smaller than 1.5, the mean 
void fraction at x = LE is greater than its final value; 
water in such conditions is decelerated, but it is assumed 
that no negative acceleration pressure drop occurs; that 
is, the energy relative to this pressure drop is dissipated. 
The initial value for pressure is deduced from the regres- 
sion line at x. = 21 cm. For the sake of simplicity, the 
void fraction is actually equated to 0.5 at that point. 

Comparison with experiment01 results 

System I11 was numerically integrated using the Runge- 
Kutta-Gill method. The truncation error was found to be 

negligible. r was obtained by fitting theoretical and ex- 
perimental results relative to type I with porous grids and 
was found to have a value of 5 cm. For type I, good 
agreement between the model and the data was obtained 
(Figure 8).  It was thus concluded that the model leads 
to essentially correct results. 

The model was then directly applied to type 11, though 
the physical situation is quite different; inertial forces are 
not as predominant as for type I, since water is only weakly 
accelerated. Thus, friction losses and gravity effects are 
important. It would be difficult to really modify the model 
without taking into account the three-dimensional charac- 
ter of the flow. But this approximate analysis still shows 
good agreement with experimental data of type I1 when 
porous grids are used (Figure 9 ) .  However, detailed re- 
sults (Adler, 1975) show that the comparison becomes 
steadily worse with increasing hole diameter. 

Evaluation of pressure drop 
A distinction between acceleration and friction pressure 

drops can be quantitatively derived from the above bound- 
ary conditions and from the model. 

For injection devices with constant section, the total 
pressure drop caused by the formation of the two-phase 
flow is considered as the sum of three terms: a friction 
pressure drop originating in the injection device and ap- 
proximately equal to 0.6 PJL' [a7 deduced from (9)]; 
an acceleration pressure drop within the mixing zone re- 
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lated to the variation of the void fraction from 0 to its 
equilibrium value <<a>>, given by (2)  

<<a>> - 
* PLUL' 

1 - <<a>> 
and a friction pressure loss in the mixing zone which can 
be neglected in the first step. 

For injection devices with increasing section, the total 
pressure drop is evaluated as the sum of three terms: 

1. The friction pressure drop within the injection de- 
vice is about 0.8 p&Lz minus the pressure recovery when 
UG is equated to zero. Experimental evidence for this point 
is found in Adler ( 1975). 

2. Two cases must be distinguished for the acceleration 
pressure drop in the mixing zone. When the limiting void 
fraction value is lower than 0.5, it is assumed that no nega- 
tive pressure drop occurs owing to water deceleration. Con- 
versely, as the mean void fraction is about 0.5 at x = LE, 

d 

2<<a>> - 1 

1 - <<a>> the pressure drop is given by PLUL' - 
3. A friction loss within the mixing zone which can be 

neglected in a first step. 

CONCLUSIONS 

The significant phenomena have been investigated within 

The predominant hydrodynamic parameter is the ratio 

Geometric parameters do not appear t,o have a decisive 
influence on the resulting two-phase flow. But the pressure 
drop due to formation of the flow depends on the type of 
the injection device and for type 11 depends on the geo- 
metric parameters of the grids. 

A simplified analysis has been proposed to describe the 
evolution of void fraction and pressure within the mixing 
zone. Good agreement is obtained with data. 

the injection devices and the mixing zone. 

- 
UG/UL,. 

NOTATION 

a, b = defined by (9) 
DE, DH = hydraulic diameter of the injection device, of 

the channel 
d 
f = defined by (6)  
g = acceleration of gravity 
L, LE = length of the system, of the grids 
p = pressure 

r, r = radius and characteristic length of bubbles 
S1, S z  = cross section of the injection device at x = 0, 

t = time 
U K  

= diameter of holes in plates 

p* = T / P L U L 2  
A 

x = L E  
- 

= mean superficial velocity of phase K (given by 
the ratio of the volume flow rate of that phase 
and of the cross-sectional area of the channel) 

-* 

UK 
x, 9, z or xl, x2, x3 = Cartesian coordinate system (Figure 

1) .  The origin 0 is at the beginning of the injec- 
tion device and within the intersection of the hori- 
zontal and vertical symmetry planes of the channel 

= velocity of phase K (components ~ i k )  

aK 
r = slip ratio 
p ~ ,  vK, PK = dynamic viscosity, kinematic viscosity, density 

= probability of presence of phase K 

of phase K 
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u = interfacial tension 
Subscripts 
K = phase K; K = G (gas), = L (liquid) 

= nondimensional quantity I) 

Symbols 
< >, << >> = one-, two-dimensional spatial mean 
- = temporalmean 
A = Laplacian 
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APPENDIX: THEORETICAL ANALYSIS OF 
THE MIXING ZONE 

expressed as 
Under the assumptions I, the system of local equations is 

I 

continuity 
a a K  Uur -- - 0  

axi 
two-phase momentum 

gas momentum 

The average system over the cross section of the channel is 
easily deduced from I as 

<<ff&c>> = n G  

<<LYGlL>> = iJL 

d - - <<PL ffL VIL2>> - PL 
dxl 

I1 

- 2 * <<aL*lG .%>> axl 

Let us introduce the nondimensional quantities 

2 
x* = - - y 

<< p>> 
pu = 

P L ~ L ~  A 
I 

Then easy but tedious calculations lead from system 11 under 
the assumptions I1 to the final system: 

da a( 1 - a) I -= ~ 

3a3 + ( $ - y e  ( 1  - a)3 
d x a  

where <<a>> is written as a. 
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